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Variational principles for the thermoelastic problem with heat sources
and sinks are deduced. In the absence of sources and sinks the analogous
variational equation was obtained by Biot [ 1], on the basis of thermo-
dynamics of linear irreversible processes. It is shown under what condi-
tions Biot’s generalized variational equation passes to the variational
equations of thermodynamics of equilibrium processes [2,3].

At the instant of time 7 = 0, let an elastic body have a constant
absolute temperature T and let it be in its natural state, i.e. when the
stresses and strains are absent.

At the instant of time r, due to the effect of external forces and
temperatures, given boundary conditions on the surface, as well as due
to internal heat sources and sinks, the strains and temperatures inside
the body will take on the values

e = €y (e %)y T1=7T 46 B =190 (24, %))

where xk(k = 1, 2, 3) are Cartesian coordinates.

We shall assume that the Duhamel-Neumann equations are valid at any
instant of time
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Here e, are the components of the strain tensor
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a is the coefficient of linear expansion, v is Poisson’s ratio, A and g
are Lame’s constants. In the absence of body forces the equations of
equilibrium in terms of displacements and the boundary conditions in
terms of tractions are of the form
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pvu 4+ (A +p)grad e — P grad 6 = 0, oyl —P;=0 (3)

where u is the displacement vector, e = div u, Pi are the components of

the surface traction vector, [ p are the direction cosines of the external
normal.

To obtain the equation which relates the deformations to the tempera-

ture, we use the equation of conservation of heat dh = — div q dr + dw,
and defining the heat-flux vector q by the temperature gradient in
accordance with Fourier’s law q = - k grad 6, we obtain

dh = ky20dt + dw (4)

Here dw/dr is the specific strength of the heat sources and sinks, k
is the coefficient of heat conduction.

The quantity of heat dh, received by an element of volume within the
time interval dr, may be calculated if the density of the internal
energy of the body is known. Since the internal energy is a function of
state, i1t may be assumed in calculating it that the passage from the
natural equilibrium state to any non-equilibrium state, corresponding to
the instant of time r, is realized in a reversible manner.

let us introduce some generalized heat capacity C;,. Then we obtain
for the increment of the internal energy density

do = dh + Oydey, = (03 -+ Cyp) deyy + CdO (5)

Here C is the heat capacity for constant volume.
From the definition of internal energy as a function of state, and on
the basis of (5), we have
ds s
de,, Ok + Cijr 50 = (6)

We calculate the increment of the entropy density per wit of volume
dh ik C
dS:—ZT:Tdeik—f—?ng (7)
From the second law of thermodynamics it follows that ds is a total

differential of the independent variables e¢;, and 0, i.e.

os _ Cu o C
Gy — Ty 0~ T, ®)

Eliminating from Equations (6) and (8) the internal energy density
and the entropy, respectively, and using Equation (1) we obtain
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It follows
Ciy, = BT1dy c=C(®) (10)

Having the expression for the heat capacity (10) we find in accordance

with (6)

09 da

Do = e+ Oe +BT) 8y, g =0 (11)

Assuming the quantity 0 to be small as compared to the initial absolute
temperature of the body T, and assuming the heat capacity C, as well as
the constants A, g and B to be independent of the temperature, we obtain,
with an accuracy within an arbitrary constant

A
o= e,k ¢ ('7 endi + BT)) e+ CB

From the law of conservation of energy and from relations (11) we ob-
tain the increment of heat

dh = B (T + ) de + Cd® (12)

Linearizing (12) and integrating with initial conditions h = 0, e = 0,
8 =0 forr = 0 we have
h = BTe 4 CB (13)

Thus, in accordance with (4) and (13), the equation relating the
strains and the temperature of the elastic body is in the form of a
generalized equation of heat conduction

0

Cor

de dw
+ BT T = kv 4 gt (14)

Equations (3) and (14), for given initial and boundary conditions,
permit the determination of the temperature 6 and the displacement vector
u as a function of time and of the space coordinates.

Following Biot [ 1], we express the equations of thermoelasticity with
the aid of two independent vectors, namely the displacement vector m and
the vector S, related to the temperature § in accordance with

ds k
-‘E—-————j—,grade (15)

Eliminating with the aid of (15) the temperature on the right-hand
side of the equation of heat conduction and carrying out the integration,
we find
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dw
CO -+ pTe = — T div S +w + Ci (=) (w:::S-Edt) (16)

Using the initial condition 8 =0, ¢ =0, S=0, w= 0 forr = 0 we
obtain C;(x,) =

From Equation (16} it follows that the temperature may be determined
as a function of two independent vectors u, S and of heat supplied by
sources

T y
9—:——5[div S+ Bu)—%] (7

The equation of heat conduction (14) may be transformed with the aid
of (15) and (17) to the form

T
T d‘l: +grad =0 (18)

To obtain the variational equations of thermoelasticity we multiply
the equilibrium and the boundary conditions (3), as well as the equation
of heat conduction (18), by the independent variations du and 8S,
respectively, Integrating over the volume and the surface we find

SSS [Bv% - (A - p)grad e — P grad 6] Sudv =0
(U)

WEE smao)osons,  § out,—roman o w
(82)
From relations (19) the identity follows
&S (o5 by — Py) Ouy dQ — ggg 9% - (A +pu) grad e — B grad 6] dudvw -+
a -+ SSS(U()% % +grad 6) 8Sdv =0 (20)
(v)

Using the equation of Duhamel-Neumann (1), as well as the relation

between the strains and the displacements, we transform the identity
(20) to the form

SS (03 1, — P;) Ou, dQ SS i au Jdv N (11: 4 grad e\ 88dv =0 1)
Q) (2 ()

Transforming the triple integrals in Expression (21) by the formula
of Gauss-Ostrogradski and taking into account the variation of the
temperature in accordance with (17)
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80 = — %—[div (88 + Pou) — —-TE] 22)

we obtain the variational equation of thermoelasticity with heat sources
and sinks in the fomm

g“[ (W + ggz) éw] dv + S&g—f— 88 dv — Ssg) (P-8u + 0n-88)dQ  (23)

(v)
Here W is the specific potentlal energy of isothermal deformation
(6 =0)

A
W = pe;, 2 + o e, e0;p

P is the vector of intensity of the surface loading, n = — (1,j,) is the
unit vector of the internal normal, j, are the base vectors of the co-
ordinate system x,.

For the case when the heat sources and sinks are given functions of
coordinates and time, the variational equation (23) coincides in form
with the analogous equation of Biot [1]

o + SSS :,: Zi 88 dy = SS (Pdu -+ 0n 8S) dQ V RSS (W + 2T dv) (24)

(v) L) (v)

In contrast to Biot’s equation, in calculating the variations by
Formula (24) one should take into account the dependence of the tempera-
ture not only on the vectors u, S, but also on the sources of heat
w(xk, r) in accordance with (17).

For independent u, S and w, the variation with respect to u gives the
equation of equilibrium and the force boundary conditions (3), while
variation with respect to S yields the equation of heat conduction (14).

Let us note that for independent u, S and given distribution of heat
sources and sinks (Sw = 0) the variational equation (23) may be written
down in the form of Lagrange’s equations for a system with energy dis-

sipation:
av = oD C T 35‘2
— e = D= = 25
5g, T g, — O ( SS> a7 (52) ¢ ) (29)

D plays here the role of the dissipation function, and V that of the
potential energy of the system; g, are the generalized coordinates which
may be used to express the vectors

U= D g,(t) u, (z), S= ) gu (1) 8, (z)

n=1 n=1
t
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as well as the quantities V and D. The corresponding generalized forces
are

ou a8
o=} (¢35, +on )0

Let us show under what conditions the variational equation of thermo-
elasticity (23), which takes into account irreversible phenomena in
thermoelastic processes, may be replaced by variational equations of
classical thermmodynamics of equilibrium processes.

Eliminating dS/d from the basic equation (23) with the aid of (18)
and integrating by parts, we obtain

8V — “S % bw dv + “g 8 div 8Sdv = R S P-dudQ (26)
@)

(v) oo

Replacing in (26) the generalized free energy by means of the internal

— (oo =)

(v)

and linearizing in accordance with (12), (13), we find

89 — N (BT8e + CO8) dv = SSP(’)udQ @7)

(r) (@

Here 2 is the internal energy of the system. From (27) we obtain on
the basis of (13)

89 — Sggéh do = SgP-éu aQ (28)
(v) Q)

In the particular case of themmoelastic processes which are not
accompanied by a supply or removal of heat, the variation 8h should be
set equal to zero and Equation (28), following from the basic equation
of thermoelasticity (23), passes into the variational equation of
adiabatic processes of classical thermodynamics.

One should keep in mind that the variations 80 and de for an
adiabatic process (8h = 0), in accordance with (13), are related by the
additional expression

89 = — L
Let us now transform the basic variational equation (23) for the case

of an isothermal process. Using (26) and replacing div 8S with the help
of (17)
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divdS = — %5@ — Poe - —%Sw (29)
we find
6 SMS (W — Ble) do + SXS Bedbdy — Sﬂg P.5ud (30)

The variation of the temperature 66, on the basis of the definition
of the vector S and relation (29), may be represented in the form

80 =58 (% —pe+ 2| 98as) 6
]

From Expression (31) it follows that an isothermal process of deform-
ation of a non-uniformly heated body (66 = 0) is realized only for a
stationary temperature field, when

v = 0 32)

and in the presence of a special system of distribution of sources and
sinks
w =B Te 33)

compensating the heat produced in the elastic body during the process
of deformation,

In this case the variation 80 in Expression (30) may be set equal to
zero, and the variational equation of an isothemmal process takes on the
form

oF = SSP-GudQ (34)
)
Here F is the classical free energy (Helmholtz's potential)
F= SRS (W — Be) dv
V)

The variational equation (34) is identical with the equation of thermo-
elasticity of classical thermodynamics of equilibrium processes in the
form suggested by Hemp [ 3 ], or if one introduces some fictitious body
and surface forces

N, = —fBgrad§, Ng == — f6n

to the variational equation of thermoelasticity due to Kachanov {2 ]

8 SSS Wde = S % (P — BOn) SudQ — Sgg B grad 08udy
) (v)

()
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Thus, the variational equations of Kachanov and Hemp which correspond
to the isothermal problem of thermoelasticity are valid, strictly speak-

ing, only for a stationary temperature field (V26 = 0) for sources and
sinks w = BTe.

These variational equations may be considered as approximate if
during the process of deformation the phenomenon of heat conduction may
be neglected.
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